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DIRAC OPERATORS AND COHOMOLOGY FOR THE 
GENERAL LINEAR SUPERALGEBRA 

WEI XIAO 


Abstract. Vogan raised the idea of Dirac cohomology to study representa¬ 
tions of semisimple Lie groups and Lie algebras. He conjectured that the 
infinitesimal character of Harish-Chandra modules are determined by their 
Dirac cohomology. Huang and Pandzic proved this conjecture and initiated 
the research on Dirac cohomology for Lie superalgebras based on Kostant’s 
results. The aim of the present paper is to study Dirac cohomology of unitary 
representations for the general linear superalgebra and its relation to nilpotent 
Lie superalgebra cohomology. 


Introduction 

After Dirac discovered a matrix-valued first-order differential operator and had 
a remarkable success in the understanding of elementary particles, there have been 
various analogues of differential operators called Dirac operators. One striking ex¬ 
ample is the Dirac operator used to construct discrete series representations by 
Parthasarathy |PJ and Atiyah-Schmid [AS ] . Relative to Parthasarathy’s geometric 
setting, Vogan introduced an algebraic version of the Dirac operator; and conjec¬ 
tured that the infinitesimal character of (g, A)-modules is determined by their Dirac 
cohomology m- The conjecture was proved in [HPl] , During the past twelve years, 
there have been many results of this nature. The Dirac cohomology turned out to 
be involved deeply with a few classical subjects of representation theory, like the 
discrete series and branching laws (see 111 I *3. ill*/' ) . The relation between Dirac 
cohomology and nilpotent Lie algebra cohomology (Kostant’s u-cohomology [Kolj ) 
is also interesting. It was shown in jllPli that the Dirac cohomology of unitary 
modules is up to a twist isomorphic to u-cohomology for Hermitian types. Similar 
isomorphisms were obtained by Huang and Xiao in m for all the simple highest 
weight modules in the setting of cubic Dirac operator (see IKo21 [Ko4p . 

On the other hand, Kac’s foundational papers IKalllKa2llKa3] about Lie superal¬ 
gebras and their representations had led to an enormous amount of work involving a 
growing list of researchers. A distinguished feature of the representation theory of 
Lie superalgebras is that Lie superalgebras have typical and atypical irreducible 
finite dimensional representations. The nilpotent Lie superalgebra cohomology 
groups play important roles in the determination of formal character of atypical 
representations (see fSell [Se2l iBl [SZlU Dirac cohomology for Lie superalgebras was 
introduced by Huang and Pandzic in [HP2j . They defined Dirac cohomology for Lie 
superalgebras of Riemannian type (see |Ko3] l and proved an analogue of Vogan’s 
conjecture in the case of basic classical Lie superalgebras. 


2010 Mathematics Subject Classification. 17B10. 

This work is supported by NSFC Grant No. 11326059. 


1 
























2 


WEI XIAO 


The aim of this paper is to study Dirac cohomology of unitary representations 
for the general linear superalgebra g[(m|n) and its relation to nilpotent Lie super¬ 
algebra cohomology. More precisely, let g = go © gi be a complex Lie superalgebra 
with the even part go and the odd part gi. For g[(m|n), the odd part gi can be 
written as gi = g_|_ © g_. Let V be an irreducible unitary (g, go)-module. Then we 
have a Hodge decomposition and the Dirac cohomology of V is up to a twist equal 
to g+-cohomology and g_-homology. Note that in this setting Cheng and Zhang 
found an explicit formula for the g+-cohomology of unitarizable tensor representa¬ 
tions. Therefore their calculation also gives the Dirac cohomology of the associated 
representations. 

An outline of this paper is as follows. In Sect. 2 and 3, we recall the basic notions 
and properties of Lie superalgebras and corresponding Dirac cohomology. In Sect. 
4, a correspondence between Weil representation and related polynomial algebra for 
gl(m|n) is proved. A Hodge decomposition for g + -cohomology and g_-homology of 
unitary representations of gl(m|n) is given in Sect. 5. 

I wish to thank Prof. J.-S. Huang, for his encouragement and inspiring discus¬ 
sions. 


1. Lie superalgebras of Riemannian type 

In this section we outline the fundamental results on Lie superalgebras used in 
this paper, referring to iKoiil and IHP3j for full details. Let g = go © gi be a 
complex Lie superalgebra with a bracket [•,•]. A bilinear form B on g is called 
supersymmetric if it is symmetric on go and skew-symmetric on gi, and go and gi 
are orthogonal. The form B is called invariant if B([X, Y], Z) = B(X , [Y, Z]) for 
all X,Y,Z £ g. We say g is of Riemannian type if there exists a nondegenerate 
supersymmetric invariant bilinear form B on g. 

We call a subspace of gi a Lagrangian subspace if it is maximal isotropic. Fix 
a pair of complementary Lagrangian subspaces with bases di,Xi for i = 1, ■ ■ • , n, 
such that 

B(di, Xj) = — 5ij. 

This notation is chosen so that the Weyl algebra VF(gi) is generated by di and Xi, 
with commutation relations: 

\xi ■ X j ] \y — 0, \0j : , Oj ] \,y — 0, \0j , Xj ] — 6i-j. 

The subscript W is used to distinguish the commutators in W(gi) from the (totally 
different) bracket in g. With d,; = d/dxi , we see that W(gi) can be identified with 
the algebra of differential operators with polynomial coefficients in variables x^. 

For the basis d\,- ■ ■ ,d n ,Xi,--- ,x n of gi, the dual basis with respect to B is 
2x\, • • • , 2x n , —2d\, • • • , —2d n . The Casimir element of g can then be defined as 

^0 = W k + 2 Y^( x i d i - d i X i )> 

k i 

where Wk is an orthonormal basis of go with respect to B. It is easy to check that 
is contained in the center Z(g) of the universal enveloping algebra 17(g) of g. 
The adjoint action of go on gi defines a map 

sp(gi). 

We can embed sp(gi) into the Weyl algebra W(gi) as a Lie subalgebra consisting 
of quadratic elements. Start with the symmetrization map a : 5(gi) —> W(gi), 
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where S/gi) is the symmetric algebra of gi. It is a linear isomorphism obtained by 
first embedding S'(gi) into the subset of symmetric tensors in the tensor algebra 
T(gi), and then projecting to W(gi). Next we show that cr(S' 2 (gi)) is isomorphic 
to sp(gi). In fact, one can verify that 

(1) a(xiX 0 ) — x /: Xj. o ( 0iOj ) — 0,(1,. (7 ( 0;x „) — 0,x, ~Sij — x,0, ■ ~ 

in the basis ( di,Xj ). Considering the action of cr(£ 2 (gi)) on gi C W(gi) by com¬ 
mutators [-, -]w in W(gi), the associated matrices in the basis ( di,Xj ) are 

< x(XiXj ) i ^ E n -\-i j E n -\-j 2 5 
a{didj)^ Ei n+j + e 3 
a(diXj) i y Eij E n +j 

where Eu is the matrix with 1 in the fc-th row and Z-th column and 0 elsewhere. 
Therefore a(S 2 (gi)) — sp(gi). In view of the map v mentioned above, we obtain a 
Lie algebra morphism 

a : go ->■ Lb(gi). 

Since a(go) £ cr(£ 2 (gi)), one can assume that 

a(X) = Y aij<j(xiXj) + Y bijcr(didj) + Y Cij<j(diXj), X £ g 0 . 
i,j ij i,j 

To determine the coefficients, we apply [•, dk\w to both sides and get 

[d(-^0, Ok\w — 0k\ — ^ ' Q’ik'Ei ^ ' &kjXj ^ ^ CikOi- 

i j i 

Then we apply !?(•, d{) and obtain B([X, dk],di) = 1/2 (aik + au), that is, 

aik + a,ki = 2 B(X, [dk, 9;]). 


Similarly, we get 

bik + bki = 2 B(X, [x k ,xi]) 

and 

c k i = -2B(X, [x k ,di]). 

With dT]) in hand, the explicit formula for a is 


( 2 ) 


a(X) =^2(B(X, [di,dj])xiXj + B(X, [xi,Xj])didj) 

~Y 2 B (X, [xi, dj])xjdi ~Y B ( X > [di,Xi]), 


i,j i 

Now we can define a diagonal embedding 


X £ go- 


go U{q) ® W(gi) 


given by 

X W <g> 1 + 1 <g> a(X) = X A 

We denote by goA the image of go- Denote by C(goA) the image of [/(go) and by 
Z(g 0 A) the image of the center Z(q q ) of U(qq). Let fl 0o be the Casimir element for 
go- We denote by fl 0OA the image of O 0o . Then 

D 0OA = ® 1 + 2W * ® a ( W > fc) + 1 ® a(W fe ) 2 ). 

k 
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Kostant [Ko3l proved that C := a(Wk) 2 is a constant which equal to 1/8 of the 
trace of flo on gi. 


2. Dirac cohomology for (g,g 0 ) 

In this section, we present the definition and fundamental results on Dirac co¬ 
homology for Lie superalgebras i ll IP2I |HP3| ). 

The Dirac operator D is defined to be the following element of 17(g) ® IT(gi): 

n 

D = 2 ^2(di <8> Xi - Xi <S> di). 

i =1 

Then D is independent of the choice of basis of gi and is go-invariant. The 
property of this Dirac operator is analogous to the case of reductive Lie algebras. 

Proposition 1 f ill‘3 . Proposition 10.2.2). Let D £ U(g) (8) W(gi) be the Dirac 
operator. Then 

D 2 = — fig ® 1 + - C, 

where C is the constant mentioned above. 


Recall that the Weyl algebra W(gi) can be identified with the algebra of differ¬ 
ential operators with polynomial coefficients in the xf s, where i = 1, • ■ • ,n. Then 
we have a natural representation of W (gi) on the polynomial algebra C[xi, • • • , x n ]. 
This is the Weil (or metaplectic) representation which we denote by M(gi). Note 
that M(gi) is Z 2 -graded. Let M + (gi) and M“(gi) be the submodules of M(gi) 
generated by homogeneous polynomials of even and odd degrees respectively. 


Definition 1. Let V be a representation of g. Consider the action of D £ 17(g) ® 
W(gi) on V ® M(gi): 

D:V® M(gi) ± aF® M(g i) T 
The Dirac cohomology of V is the go-module 

H d (V) := KerD/KerD n TmD 


In particular, the Z 2 -grading of M(g i) implies a ^-grading of Hd(V ), that is, 
Hd{V) = Hp(V) ® Hp(V) with even part Hp(V) and odd part Hp(V). 


Theorem 2 f [HP3j . Corollary 10.3.4 and Theorem 10.4.7). Let g be a basic classical 
Lie superalgebra with a Cartan subalgebra (i 0 C g 0 . Let W be the Weyl group of 
(g,f)o)- For any z £ Z(g), there exists an algebra homomorphism £ : Z(g) —> 
Z(g o) = ^(g 0 A) and a go-invariant a £ U(g) < 8 > W'(gi), such that 

z ® 1 — C( z ) = F>a + aD. 

Moreover, £ fits into the following commutative diagram: 


z(g) 


S( do) 


w 


Z(so) 


7o 


id 


s(f) 0 r, 


where the vertical maps 7 and 70 are Harish- Chandra monomorphism and isomor¬ 
phism respectively. 
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For A € f)o> denote by xa : Z(g) —> C the character xa(-s) ~ for 2 G 

Z(g). Similarly, denote by Xa : ^(flo) —> C the character Xa(^o) = A( 7 o(zo)) for 
“0 6 Z(g o). 

Corollary 3 ( [HP3] . Corollary 10.4.8). Let V be a representation of a basic classical 
Lie superalgebra g, with infinitesimal character xa- Suppose that a go -module with 
Z (go )-infinitesimal character x° for /i € b ^ is contained in the Dirac cohomology 

H d {V). Thenx\{z) = X°(C( z ))- 

3. The Weil representation 

From now on, assume that g = gl(m|n) and Eij is the matrix in g[(m|n) having 
1 in the (i.j) position and 0 elsewhere. Let 

go := c Eij + cE kl 

k,l>m 

be the even part of g with Cartan subalgebra fjo : = ]©,; C-E,;* C g 0 . Denote 
g+ := CE ik and g_ := ^ CE ki . 

i<.m<k i<.m<k 

Both of them are go-invariant super commutative subalgebras of g. The odd space 
gi = g + © g_. We also have the standard Borel subalgebra 

b:=£C By. 

i<j 

Denote 

n + := y^C E^ and n~ := ^ CEjj. 
i <3 i>j 

Then n + and n - are invariant under the adjoint action of bo- We have 
g = n + © boffin”, and b = boffin + . 

Thus the Flarish-Chandra homomorphism 7 : Z(g) —> 5(bo) can be defined in the 
standard way. 

Let A C bo be the root system of (g, bo), with positive root system A + corre¬ 
sponding to b. The set A+ decomposes as A)}" U A+, where Aj and A+ denote the 
sets of the even and odd positive roots respectively. Set 

Po = ^ P’ Pl = \ @ and P = Po~Pi- 

0eA+ /3eA+ 

The supertrace function on g can be defined as 

sir A — ^ ^ CLa ^ ^ ®jj 1 

i<m j>m 

where ctki is the (fc, l) entry of A G g. Therefore 

B(X,Y) := istr(XF) 

is a nondegenerate supersymmetric invariant bilinear form on g (see Proposition 
1.1.2 in IKa2] 1. Therefore g is of Riemannian type. In particular, we can assume 
that 

(3) d(i— l)n+[k—m) ~ Ei k and — l)rz-J-(A—rrz) = E k i 
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for all i < m < k. They form basis of g+ and g_ respectively. Let C[xi, • • • ,Xmn] 
be the polynomial algebra generated by Xi, ■ ■ ■ , x mn . Then it is a graded go-module 
under the natural adjoint action. 

Theorem 4. Let V be a representation of g = gl(m|n), with Z (g) -infinitesimal 
character xx f or ^ £ f)o- Suppose that Hjj(V) contains a go-submodule N with 
Z (go) -infinitesimal character x° for p £ ho - Then xx = Xu- 

Proof. An argument similar to the one used in 111 dll (10.3 and 10.4) shows that 
Theorem [2] and Corollary [3] also hold for g[(m|n). Let v £ N represent a nonzero 
Dirac cohomology class. It follows from Theorem [2] that for all z £ Z(g), there 
exists a £ U(g) <8> W(gi) such that 

z® 1 - Xx(z) = (C (z) - X° (C(z))) + (Da + aD) + (%° (C(z)) - X\{z))- 
Applying this identity to v, the left side becomes zero since 
(z <E> 1 - Xx(z)) ■ (V ® M(g 1 )) = 0. 

The right side is (x°(C(A» - Xa (z))v (mod ImD). Then (x°(C0)) - XA (z))v £ 
Im D (C Ker D) : which is zero in Hd(V). Thus x°(C(z)) — X\( z ) = 0. On the 
other hand, one has 

X°(C(A» = (M°7o °C)W = (/ioido 7 )(z) =x„{z). 

Then we conclude that xa = Xu- Cl 


Recall the formula (J2J) of Lie algebra morphism 

a : g 0 ->■ VL(gi). 


Put 

ai(X) = 2 B(X, [xi , dj])xjdi 

i,j 

and 

a 2 {X) = -^B(X, {d u xi}). 

i 

for X £ g 0 . Since [d- n dj\ = [xi,Xj\ = 0 in this case, we have 

a(X) = ai{X) + a 2 {X). 

Lemma 5. Let f be a polynomial in C[xi, • • • , x mn ]. Then for any X £ go, 

a 1 (X)f=[XJ\, 

where the left side is given by the action of Weil representation and the right side 
is given by the usual adjoint action. 


Proof. By linearity, it suffices to consider the case when / is a monomial, that is, 

/ = U x q k k , q k £ Z-° for k = 1, • • • , mn. 
k 

Since g_ is go-invariant, we can obtain 

[X,x t ] = - 2 B([X, Xj], dj)xj = -^2 B(X, [xi,dj])xj. 

3 3 
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Therefore, a\{X) = X,Xi\di. It follows that 

aipo/ = 

i k 

= J2^ x ^ Xi ^H x t 

i k 

= Y ®f " • [ X ’ **] ' ' • X ™n 

= [X 1 '[[xf] = [X,f]. 

k 

□ 


Lemma 6. Let C_ Pl be the one-dimensional go-module with weight —pi- Given 
v £ C_ Pl , then 

a 2 (X)v = X ■ v. 


Proof. First, we observe that 

a 2 (X) = ~Y J B{X 1 [d l ,x l ]) = - ]T B{X,E u +E 0] ). 

i 

If Eki £ 0o and k ^ l, then B(E k i,Ea + Ejj) = 0 for all i <m < j. So « 2 {Eh)v = 
0 = Eu ■ v. If k = l, then Ekk £ f)o• Let be the positive root associated with d t . 
Then /3j £ Af and 

a 2 {E kk )v = - Y B ( E kk, [di,Xi])v = -Y B ([ E kk,di\,Xj)v 
i i 

= - Y, Pi( E kk)B(di,Xi)v = -\Y^ii E kk)v 

i i 

= - pi{E kk )v = E kk ■ v. 

□ 


It follows immediately from Lemma [5] and Lemma [6] that the action of a (go) 
on M(gi) and the adjoint action ad go on C[xi, • • • ,x mn ] differ by a twist of the 
one-dimensional character C_ Pl . We have 

Proposition 7. There exists a go-module isomorphism 
M(g i) CS C[xi, • • • , Xmn] <S> C_ Pl . 

We see that the symmetric algebras 5(g±) of g± are graded with S^gi) = 
w here ^(gi) are homogeneous of degree i in g±. We can identify 
g!j_ with g_ by the pairing 2 : g + x g_ —)■ C. The identification is go- 
invariant since B is invariant. Upon identifying 5(gl) with S'(g_), and then the 
polynomial algebra C[xi,-- - ,x mn ], the cohomology group H l (g + ,V) is given by 
the complex C = ({V ® S' 2 (g—)}, d), where d = JT di <8> Xi is go-invariant (cf. [CZj . 
3.7). On the other hand, the homology group Hi(g-,V) is given by the complex 
({V <g>5*(g_)}, S), with go-invariant differential operator 5 = JT x, h <8> di. Then the 
following lemma is an immediate consequence of Proposition [7] 

Proposition 8. If we consider d and S as operators on V M(g i), then as 0o- 
modules, the cohomology of d is identified with H*(g + , V) <g>C_ Pl , while the homol¬ 
ogy of 5 is identified with H* (g_, V) <8> C_ Pl . 
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4. Hodge decomposition for g + -cc>HOMOLOGY 

Now we consider Hermitian forms on V ©M(gi) for unitarizable module V. Let 
u) be the antilinear anti-involution of t/(g) defined by 

Eij —> Eji, 1 < i, j < m + n. 

In general, for any a,b G U{ g), we have oj(ab) = oj(b)uj(a). Recall that we say a Z 2 - 
graded g-module V is unitary if it admits a positive definite contravariant Hermitian 
form (•, -)v, where contravariance means that ( av,v')y = (v, ui(a)v')v for all a G g 
and v, v' G V. On the other hand, there is a unique positive definite contravariant 
Hermitian form (•,-)m on IW(gi), with (1,1 )m = 1, where contravariance means 
that (af, /')m = (/, w(a)/')M for all a € g and f, f € M. Here, we should 
emphasize that the form is given explicitly by 

(W x k k ^\\_ x< k)M = JJpfc! if Pk = qk for all k 

k k k 

= 0 otherwise, 

where Pk,qk G Z-°. 

Let V be a (g, go)-module, that is, viewed as a go-module, V is a direct sum of 
finite dimensional simple modules with finite multiplicities. We consider the tensor 
product Hermitian forms on 7® M(gi); this form will be denoted by (•, •). 

Lemma 9. Let V be a unitary (g, go) -module. With respect to the form (■, •) on 
V ® M(g 1 ), the operators d and S are adjoints of each other. Hence the Dirac 
operator D = 2{d — S) is anti self-adjoint. 

Proof. In view of (|3|) . we have ai(di) = Xi and uj(xi) = 9*. Then the lemma follows 
from the fact that (•, jv and (•, • )m are contravariant. □ 

Recall that D 2 = — <g> 1 + H 0OA — C. Suppose that acts on V by a constant. 
Since H 0o a acts by a scalar on each irreducible go-submodules mV® M(g 1 ), the 
same is true for D 2 . 

Lemma 10. If the (g, Qo)-module V has infinitesimal character, then V ®M(g 1 ) = 
Ker D 2 © Im D 2 . 

Proof. Both V and M( gi) are direct sums of finite dimensional irreducible go- 
modules, so is the tensor product V ® M(gi). Then V ® M(gi) is a direct sum of 
eigenspaces for D 2 = —H 0 © 1 + H 0OA — C. The zero eigenspace is KerU 2 and the 
sum of all the nonzero eigenspaces is Im D 2 . □ 

Lemma 11. For Dirac operator D, we have 

(i) Ker D 2 = Ker D = Ker d D Ker S; 

(ii) With respect to the form {•,•), Imd is orthogonal to Ker S and Im<5, Im<5 is 
orthogonal to Ker d. 

Proof, (i) For any a G V © M(g 1 ), it follows from (Da, Da) = (—D 2 a,a) that 
Da = 0 if and only if D 2 a = 0. On the other hand, Kerd 0 Kerd C Ker D since 
D = 2 (d — 6). Conversely, if Da = 0, then da = Sa and Sda = S 2 a = 0. So 
(da, da) = (a, Sda) = 0. Hence da = 0. Similarly we get Sa = 0. (ii) It is an easy 
consequence of the fact that d and <5 are adjoints of each other. □ 

Theorem 12. Let V be an irreducible unitary (g, go) -module. Then 
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(i) V © M(gi) = KerD © Imd© Im<5; 

(ii) Ker d = Ker D © Im d; 

(iii) Ker (5 = Ker I? © Im<5. 

In particular, there exists Q^-module isomorphisms: 

H d ( V ) ~ H * (fl+, V) © C_ pi ~ H. ( fl _, V) ® C_ P1 

Proof, (i) In view of Lemma 1111 we see that KerD, Imd and Im(5 are disjoint 

subspaces of V <8>M(gi). Since D = 2 (d—6), one has Imd 2 C ImD C Im d © Im S. 

It follows from Lemma [TO] and Lemma [Tl] that 

V <S> M(qi) = Ker D 2 © Im D 2 C Ker D © Im d © Im S. 

Then (i) follows and ImD 2 = ImD = Imd © Imd. The formula (ii) is an obvious 

consequences of (i) and Lemma [TT] so is (iii). Thus 

H D (V) = Ker D ~ Kerd/Imd ~ Ken5/Im<5. 

The theorem is now evident from Proposition [5] □ 
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